Large-momentum tail of one-dimensional Fermi gases with spin-orbit coupling by Qin, Fang et al.
Large-momentun tail of 1D Fermi gases with spin-orbit coupling
Fang Qin,1, 2, ∗ Pengfei Zhang,3, 4 and Peng-Lu Zhao1
1Shenzhen Institute for Quantum Science and Engineering and Department of Physics,
Southern University of Science and Technology (SUSTech), Shenzhen 518055, China
2CAS Key Laboratory of Quantum Information, University of Science and Technology of China,
Chinese Academy of Sciences, Hefei, Anhui 230026, China
3Walter Burke Institute for Theoretical Physics, California Institute of Technology, Pasadena, CA 91125, USA
4Institute for Quantum Information and Matter,
California Institute of Technology, Pasadena, CA 91125, USA
(Dated: May 1, 2020)
We study the contacts, large-momentum tail, and universal relations for an ultracold one-
dimensional (1D) two-component Fermi gas with spin-orbit coupling (SOC). Different from previous
studies, we find that the q−8 tail in the spin-mixing (off-diagonal) terms of the momentum distri-
bution matrix is dependent on the two SOC parameters in the laboratory frame for 1D systems,
where q is the relative momentum. This tail can be observed through time-of-flight measurement
as a direct manifestation of the SOC effects on the many-body level. Besides the traditional s-wave
scattering length, we find that two new contacts need to be introduced due to the SOC. Conse-
quently, two new adiabatic energy relations with respect to the two SOC parameters are obtained.
Further, we derive the pressure relation and virial theorem at short distance for this system. To
find how the SOC modifies the large-momentun behavior, we take the SOC parameters as pertur-
bations, since the strength of the SOC should be much smaller than the corresponding strength
scale of the interatomic interactions. In addition, by using the operator product expansion method,
we derive the asymptotic behavior of the large-momentum distribution matrix up to the q−8 order,
and find that the diagonal terms of the distribution matrix include the contact of traditional s-wave
scattering length as the leading term and the SOC modified terms beyond the leading term, the
off-diagonal term is beyond subleading term and is corrected by the SOC parameters. We also find
that the momentum distribution matrix shows spin-dependent and anisotropic features. Further-
more, we calculate the momentum distribution matrix in the laboratory frame for the experimental
implication. This work paves the way for exploring the profound properties of many-body quantum
systems with SOC in one dimension.
I. INTRODUCTION
In the strong-coupling regime of cold atomic gases, a
series of exact universal relations was established which
set up a bridge between the microscopic short distance
correlations and the macroscopic thermodynamic prop-
erties of the many-body quantum system [1–7]. These
relations show that many thermodynamic properties are
connected by a series of universal contact parameters
which contain the information of the interaction effect in
the large-momentum limit, and they are named contacts.
These relations have already been successfully verified
in experiments near the s-wave Feshbach resonance [8–
11]. Further, the universal relations were also studied
in other atomic systems such as the quantum gases with
higher-partial wave interactions [12–19], in one dimen-
sion [20–24] and two dimensions [25–34], near a Raman-
dressed Feshbach resonance [35]. Besides, the contact
tensor was predicted in the axisymmetry-broken p-wave
Fermi gases [36]. At the same time, Zhang et al. pre-
dicted the contact matrix and studied the direct connec-
tion between the contact matrix and order parameter of
a superfluid [37].
∗ qinfang@ustc.edu.cn
The successful experimental realization of the syn-
thetic coupling between atomic (pseudo) spin and mo-
mentum is another important progress in cold atomic
gases [38–44]. This synthetic coupling is so-called spin-
orbit coupling (SOC). In one dimension, there is only one
type of SOC: the spin is only coupled to the motion of
atoms along one spatial direction which is induced by two
contour-propagating Raman beams [45–48]. This type of
SOC has been realized in experiments for both Bose and
Fermi gases [38–42]. Importantly, the SOC can strongly
affect the many-body properties [49, 50].
Recently, Peng et al. studied the universal relations
for the Fermi gases with a three-dimensional isotropic
SOC [51]. At the same time, the universal relations for
the three-dimensional ultracold gases with an arbitrary
type of SOC have been investigated [52, 53]. Further,
the universal relations for spin-orbit-coupled Fermi gases
in two dimensions have been derived [54]. However, the
one-dimensional (1D) Fermi gases with SOC has not been
studied. Here, we investigate the 1D Fermi gases with
SOC. Different from the previous studies, we derive the
asymptotic behavior of the large-momentum distribution
matrix up to the q−8 order (q is the relative momen-
tum) and find that the q−8 tail in the spin-mixing (off-
diagonal) terms of the momentum distribution matrix
is dependent on the SOC parameters in the laboratory
frame for 1D systems. This tail can be observed through
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time-of-flight measurement and it is a direct manifesta-
tion of the SOC effects on the many-body level.
In this work, we focus on a new many-body quantum
system that exhibits universal properties, i.e., the 1D
two-component Fermi gas with SOC near a wide s-wave
Feshbach resonance. Such an 1D system can be real-
ized by applying tight transverse confinements to three-
dimensional gases near s-wave Feshbach resonances, such
as in the fermions of 6Li and 40K [55–62]. First of all,
we give the definition of the traditional s-wave contact
for this system. After that, we derive the universal re-
lations for the spin-orbit-coupled Fermi gases in one di-
mension, including the adiabatic relation, pressure rela-
tion, and viral theorem. Besides the traditional s-wave
scattering length, we find that two new contact param-
eters need to be introduced due to the SOC. Using the
operator product expansion (OPE) method, we derive
the large-momentum tail of the momentum distribution
matrix. The momentum distribution matrix shows spin-
dependent and anisotropic features. We find that the
diagonal elements of the distribution matrix include the
contact of the traditional s-wave scattering length as the
leading term and the SOC modified terms beyond the
leading term, the off-diagonal term is beyond sublead-
ing term and is also corrected by the SOC parameters.
Furthermore, in order to discuss the experimental im-
plications, we calculate the momentum distribution in
the laboratory frame and find that the spin-mixing (off-
diagonal) elements of the momentum distribution matrix
at large momentum is directly modified by the SOC pa-
rameters and the tails which beyond the leading-order
term have been changed, the effects can be captured by
a time-of-flight measurement in experiments.
The paper is organized as the following: In Sec. II, we
give the model Hamiltonian. In Sec. III, we derive the
two-body T matrix. In Sec. IV, we give the definition
of the traditional s-wave contact. Further, we study the
universal relations in Sec. V. Moreover, we calculate the
large-momentum distribution tail in Sec. VI. Finally, we
summarize in Sec. VII.
II. MODEL
With the pseudopotential approximation, the effective
1D Hamiltonian with SOC is given by (~ = 1 throughout
the paper) [47, 48, 59–62]
H =
∑
σ=↑,↓
∫
dx ψ†σ(x)
(
− 1
2m
∂2
∂x2
)
ψσ(x)
+
∫
dx Ω[ei2k0xψ†↑(x)ψ↓(x) + e
−i2k0xψ†↓(x)ψ↑(x)]
+ g1D
∫
dx ψ†↑(x)ψ
†
↓(x)ψ↓(x)ψ↑(x), (1)
where ψσ(x) is the field operator for the fermionic atoms,
x is the longitudinal atomic separation, The Fermi atoms
in the state | ↑〉 are coupled to the state | ↓〉 by the
Raman laser with the strength Ω = ΩR/2, ΩR is the Rabi
frequency, 2k0 is the momentum transfer during the two-
photon processes, and g1D is the effective 1D coupling
constant.
To remove the phase factor e±i2k0x in the second term
of Eq. (1), we introduce two new atomic fields: ψ↑(x) =
ψ↑(x)e
ik0x and ψ↓(x) = ψ↓(x)e
−ik0x. Then, we can write
the single-particle part of the Hamiltonian in the momen-
tum space: H0 =
∑
k Ψ
†
kH0Ψk with Ψk = (ak,↑, ak,↓)T
and
H0 =
(
(k+k0)
2
2m Ω
Ω (k−k0)
2
2m
)
, (2)
where ak,σ is the field operator for the fermionic atoms
in the momentum space.
Therefore, the inverse of the single-particle propagator
matrix is given by [53, 66, 67]
G−1(q0, k) =
i
(
q0 + i0
+ − (k+k0)
2
2m −Ω
−Ω q0 + i0+ − (k−k0)
2
2m
)
, (3)
where q0 is the total energy. Further, we have
G(q0, k) =
∫ ∞
0
dt eiq0t〈T Ψk(t)Ψ†k(0)〉
=
(
G↑↑(q0, k) G↑↓(q0, k)
G↓↑(q0, k) G↓↓(q0, k)
)
, (4)
where T is the time-ordered operator and the elements
are
G↑↑(q0, k) =
i
q0 − (k+k0)
2
2m + i0
+ − Ω2
q0− (k−k0)
2
2m +i0
+
, (5)
G↑↓(q0, k) = G↓↑(q0, k) =
iΩ[
q0 − (k−k0)
2
2m + i0
+
] [
q0 − (k+k0)
2
2m + i0
+
]
− Ω2
, (6)
G↓↓(q0, k) =
i
q0 − (k−k0)
2
2m + i0
+ − Ω2
q0− (k+k0)
2
2m +i0
+
. (7)
To calculate the Feynman diagrams for simplicity, the
interacting part of the Hamiltonian can be written as
Hint = g1D
∫
dx
[
1
2
Ψ†(x)ε†Ψ†T (x)
] [
1
2
ΨT (x)εΨ(x)
]
,
(8)
where ε = −iσy is the two-by-two antisymmetric matrix,
Ψ(x) = (ψ↑(x), ψ↓(x))
T , and we have
1
2
ΨT (x)εΨ(x) =
1
2
[ψ↓(x)ψ↑(x)− ψ↑(x)ψ↓(x)]
= ψ↓(x)ψ↑(x). (9)
3
FIG. 1. Feynman diagrams for the T matrix near a wide s-
wave Feshbach resonance. The single line denotes the bare
atom propagator matrix G. The black disk represents the
T matrix: −iTs. The black dot represents the interaction
vertex: −ig1D.
We can also write the interaction part of the Hamilto-
nian in the momentum space [53, 63–65]:
Hint = g1D
∑
k,k′
(
1
2
Ψ†k,k′ε
†Ψ†Tk,k′
)(
1
2
ΨTk,k′εΨk,k′
)
, (10)
where Ψk,k′ = (ak,↑, ak′,↓)
T and we have
1
2
ΨTk,k′εΨk,k′ =
1
2
(ak′,↓ak,↑ − ak,↑ak′,↓) = ak′,↓ak,↑.
(11)
III. T MATRIX
We consider finite total momentum Q for each two-
body pairing state, so that an incoming state can be set
as |Is〉 = |Q/2 + k, ↑;Q/2 − k, ↓〉 with two fermions of
different species having momentum Q/2 +k and Q/2−k
to an outgoing state |Os〉 = |Q/2+k′, ↑;Q/2−k′, ↓〉 with
two fermions having momentum Q/2 + k′ and Q/2− k′.
As shown in Fig. 1, the two-body T matrix is given
by [68]
−iTs(q0, Q) =
−ig1D
1− (−ig1D)Πs(q0, Q)
, (12)
where the polarization bubble is given by [53, 63–65] (the
derivations are given in the Appendix)
Πs(q0, Q)
=
∫
dpdp0
(2π)2
1
2
Tr
[
GT (p0, Q/2 + p)εG(q0 − p0, Q/2− p)ε†
]
=
∫
dpdp0
(2π)2
1
2
[G↑↑(p0, Q/2 + p)G↓↓(q0 − p0, Q/2− p)
+G↓↓(p0, Q/2 + p)G↑↑(q0 − p0, Q/2− p)
−G↑↓(p0, Q/2 + p)G↓↑(q0 − p0, Q/2− p)
−G↓↑(p0, Q/2 + p)G↑↓(q0 − p0, Q/2− p)] , (13)
where q0 = Q
2/(4m) + k2/m and Tr denotes the trace
over both the momentum and the spin degrees of free-
dom.
In the absence of the Raman coupling, the effective 1D
coupling constant is given by (the derivations are given
in the Appendix)
g1D = −
1
mra1D
, (14)
FIG. 2. Feynman diagrams for the matrix elements of the
two-atom local operator ψ†↑(R)ψ
†
↓(R)ψ↓(R)ψ↑(R) and its
derivatives ψ†↑(R)ψ
†
↓(R)
(
i∂t + ∂
2
R/(4m)
)j
ψ↓(R)ψ↑(R),
ψ†↑(R)ψ
†
↓(R)(−i)
n∂nRψ↓(R)ψ↑(R), and
ψ†↑(R)ψ
†
↓(R)
(
i∂t + ∂
2
R/(4m)
)j
(−i)n∂nRψ↓(R)ψ↑(R) with
j, n = 1, 2, 3, · · ·. The open dots represent the operators.
where mr = m/2 is the reduced mass, the effective 1D
scattering length is given by [59]
a1D = −
`2⊥
2as
+
C`⊥
2
, (15)
as is the three-dimensional scattering length, C = 1.4603,
`⊥ =
√
2/(mω⊥), and ω⊥ is the transverse trapping fre-
quency.
In the presence of the Raman fields, the bubble with
zero total momentum (Q = 0) can be calculated as
Πs(k, 0)
=
m
4(k2k20 − k40 +m2Ω2)
{
2m2Ω2√
k2 + i0+ − k20
+ k20×[√
k2 + i0+ + k20 − 2
√
k2k20 +m
2Ω2
(
1 +
k20√
k2k20 +m
2Ω2
)
+
√
k2 + k20 + 2
√
k2k20 +m
2Ω2
(
1− k
2
0√
k2k20 +m
2Ω2
)]}
.
(16)
The 1D scattering amplitude can be written as [20, 59]
f1D(k) = −1/(1 + i cot δk), where δk is the scattering
phase shift. With Ts(k) = ikf1D(k)/mr, one can get
cot δk =
k
mr
{
− 1
g1D
− i
[
Πs(k, 0)−
mr
k
]}
. (17)
IV. S-WAVE CONTACT
To define the s-wave contact, we need to give the adi-
abatic relation [20]
Ca
2m
≡ ∂E
∂a1D
=
∫
dR
〈
∂H
∂a1D
〉
, (18)
4
where E is the total energy of the many-body system, H
is the density of the Hamiltonian (1), Ca is the 1D s-wave
contact, and we have used the following relations:〈
∂H
∂a1D
〉
=
〈
∂H
∂g1D
〉
∂g1D
∂a1D
=
m
2
g21D〈ψ
†
↑(R)ψ
†
↓(R)ψ↓(R)ψ↑(R)〉. (19)
Substituting Eq. (19) into (18), we get the expression
for the contact Ca as
Ca = m
2g21D
∫
dR〈ψ†↑(R)ψ
†
↓(R)ψ↓(R)ψ↑(R)〉, (20)
where it is indicated that Ca refers to the two-atom op-
erator.
Further, we calculate the expectation values of the two-
atom operator 〈Os|ψ†↑(R)ψ
†
↓(R)ψ↓(R)ψ↑(R)|Is〉 as shown
in Fig. 2 [17]
〈Os|ψ†↑(R)ψ
†
↓(R)ψ↓(R)ψ↑(R)|Is〉
=
∑
j=a,b,c,d
〈Os|ψ†↑(R)ψ
†
↓(R)ψ↓(R)ψ↑(R)|Is〉j
= [1− iTs(q0, Q)Πs(q0, Q)]2. (21)
Substituting Eq. (12) into (21), we have
〈Os|ψ†↑(R)ψ
†
↓(R)ψ↓(R)ψ↑(R)|Is〉 =
[Ts(q0, Q)]
2
g21D
. (22)
Substituting Eq. (22) into (20), we get the s-wave con-
tact as
Ca = m
2
∫
dR [Ts(q0, Q)]
2. (23)
V. UNIVERSAL RELATIONS
A. Adiabatic relation
It is known that a contact can be defined to character-
ize the variation of energy as shown in Eq. (18). When
SOC is present, there are two new parameters k0 and Ω.
Similar to how we deal with the scattering length a1D,
one can define two new contacts Cλ and CΩ as
Cλ ≡
∫
dR
〈
∂H
∂k0
〉
, (24)
CΩ ≡
∫
dR
〈
∂H
∂Ω
〉
. (25)
Here, Cλ and CΩ refer to only single-atom operators
which give nonzero matrix elements in the single-atom
sector. The momentum distribution under single-particle
states is just a delta function, so that Cλ and CΩ will not
contribute to the large-momentum tail, which is different
from Ca [53]. However, both k0 and Ω have nonzero en-
ergy scale, so that they would appear in the pressure
relation and viral theorem.
B. Pressure relation
For a uniform gas, the pressure relation can be de-
rived following the expression of the Helmholtz free en-
ergy density F = F/L which can be expressed in terms
of [5, 20, 21]
F(T, n↑, n↓, a1D, k0,Ω)
=
k3F
2m
f
(
2mT
k2F
,
n↑
kF
,
n↓
kF
, a1DkF ,
k0
kF
,
2mΩ
k2F
)
, (26)
where L is the length along the x direction, f is a dimen-
sionless function, T is the temperature, n = n↑ + n↓ =
kF /π is the Fermi particle number density, and kF is the
Fermi wave vector.
Equation (26) implies the scaling behavior of the
Helmholtz free energy density as follows:
λ̃3F(T, n↑, n↓, a1D, k0,Ω)
= F
(
λ̃2T, λ̃n↑, λ̃n↓, λ̃
−1a1D, λ̃k0, λ̃
2Ω
)
, (27)
where λ̃ is a dimensionless and arbitrary parameter.
Taking the derivative of Eq. (27) with respect to λ̃ at
λ̃ = 1, we have
3F =
(
2T
∂
∂T
+ n↑
∂
∂n↑
+ n↓
∂
∂n↓
− a1D
∂
∂a1D
+ k0
∂
∂k0
+ 2Ω
∂
∂Ω
)
F . (28)
Replacing the free energy density F in the left side
of Eq. (28) by n↑µ↑ + n↓µ↓ − P and substituting S =
−∂F/∂T and µσ = ∂F/∂nσ into Eq. (28), one gets
3(n↑µ↑ + n↓µ↓ − P) = −2TS + n↑µ↑ + n↓µ↓
− a1D
∂F
∂a1D
+ k0
∂F
∂k0
+ 2Ω
∂F
∂Ω
,
(29)
where P is the pressure density, S is the entropy, and µσ
is the chemical potentail with spin σ.
Using the adiabatic relations (18), (24) and (25), we
can get the pressure relation as
P = 2E + a1DCa
2mL
− k0Cλ
L
− 2ΩCΩ
L
, (30)
where E = E/L is the energy density and we use E =
F + TS.
C. Virial theorem
For an atomic gas in a harmonic potential VT =
mω2x2/2 with the trapping frequency ω, the free energy
can be expressed in terms of [5, 20, 21]
F (T, ω, a1D, k0,Ω, N↑, N↓)
= ωf̃(T/ω, ω/ω, a1D/aho, k0aho,Ω/ω,N↑, N↓), (31)
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FIG. 3. Feynman diagram for the matrix elements of the
operator ψ†σ(R+
x
2
)ψσ′(R− x2 ).
where N = N↑ + N↓ is the particle number, aho =√
2/(mω) is the harmonic oscillator length and the di-
mensionless function f̃ is dependent on the dimensionless
ratios T/ω, a1D/aho, k0aho, Ω/ω, and particle numbers
N↑ and N↓.
With Eq. (31), we can get the scaling law
λ̃F (T, ω, a1D, k0,Ω, N↑, N↓)
= F (λ̃T, λ̃ω, λ̃−1/2a1D, λ̃
1/2k0, λ̃Ω, N↑, N↓), (32)
where λ̃ is a dimensionless and arbitrary parameter.
The derivative of Eq. (32) with respect to λ̃ at λ̃ = 1
gives
F =
(
T
∂
∂T
+ ω
∂
∂ω
− 1
2
a1D
∂
∂a1D
+
1
2
k0
∂
∂k0
+ Ω
∂
∂Ω
)
F.
(33)
Substituting E = F + TS and S = −∂F/∂T into
Eq. (33), one gets
E =
(
ω
∂
∂ω
− 1
2
a1D
∂
∂a1D
+
1
2
k0
∂
∂k0
+ Ω
∂
∂Ω
)
E, (34)
which, together with the Hellmann-Feynman theorem
and the adiabatic relations (18), (24) and (25), gives
E = 2〈VT 〉 −
a1DCa
4m
+
k0Cλ
2
+ ΩCΩ. (35)
VI. LARGE-MOMENTUM TAIL
In this section, we derive the tail of the momentum
distribution for 1D fermions with SOC near a wide s-wave
Feshbach resonance using the OPE method [4, 5, 21, 22].
OPE is an ideal tool to explore the short-range physics.
One can expand the product of two operators as
ψ†σ(R+
x
2
)ψσ′(R−
x
2
) =
∑
n
Cn(x)On(R), (36)
where On(R) are the local operators and Cn(x) are the
short-distance coefficients. Cn(x) can be determined by
calculating the matrix elements of the operators on both
sides of Eq. (36) in the two-body state |Q/2+k, σ;Q/2−
k, σ′〉.
By using the Fourier transformation on both sides of
Eq. (36), we have the expression of momentum distribu-
tion as [5]
nσσ′(q) =
∫
dR
L
∫
dx e−iqx
〈
ψ†σ(R+
x
2
)ψσ′(R−
x
2
)
〉
,
(37)
where q is the relative momentum.
There are four types of diagrams which can be used
to denote the operators on the left-hand side of OPE
equation (36). However, the only nonanalyticity comes
from the diagram as shown in Fig. 3. Therefore, one can
evaluate the diagram in Fig. 3 as (the derivations are
given in the Appendix)
 〈Os
∣∣∣ψ†↑(R+ x2 )ψ↑(R− x2 )∣∣∣ Is〉
d
〈
Os
∣∣∣ψ†↑(R+ x2 )ψ↓(R− x2 )∣∣∣ Is〉
d〈
Os
∣∣∣ψ†↓(R+ x2 )ψ↑(R− x2 )∣∣∣ Is〉
d
〈
Os
∣∣∣ψ†↓(R+ x2 )ψ↓(R− x2 )∣∣∣ Is〉
d

= [−iTs(q0, Q)]2
∫
dpdp0
(2π)2
G(p0, p)ε
†GT (q0 − p0, Q− p)εG(p0, p)e−ipx, (38)
where q0 = Q
2/(4m) + k2/m is the total energy, Q is the
center-of-mass momentum, and we use the the Feynman
rules for the operator vertices [5]
Ψ†(R+
x
2
)Ψ(R− x
2
) ∼ exp
[
−ip ·
(
R+
x
2
)]
× exp
[
ip′ ·
(
R− x
2
)]
, (39)
the incoming and outgoing momenta are p and p′ with
p = p′.
With the Fourier transforms, we get the momentum
distribution matrix as
n(q) = [−iTs(q0, Q)]2
∫ ∞
−∞
dp0
2π
×G(p0, q)ε†GT (q0 − p0, Q− q)εG(p0, q)
=
(
n↑↑(q) n↑↓(q)
n↓↑(q) n↓↓(q)
)
, (40)
where the analytical expressions for the elements of the
6
matrix are shown in the Appendix.
Matching Eq. (40) with Eq. (22), we get the momen-
tum distribution matrix in the large-q limit up to the q−8
order
n(q) =
Ca
q4L
+
2q̂ ·CQ1 − 4k0Caσz
q5L
+
2CR1 + 10k
2
0Ca − 10k0q̂ ·CQ1σz + 5CQ2/2
q6L
+
−12k0CR1σz − 20k30Caσz + 6q̂ ·C11 + 30k20q̂ ·CQ1 − 15k0CQ2σz + 5q̂ ·CQ3/2
q7L
+
3CR2 + 42k
2
0CR1 + 35k
4
0Ca − 42k0q̂ ·C11σz − 70k30q̂ ·CQ1σz + 21C12/2 + 105k20CQ2/2− 35k0q̂ ·CQ3σz/2 + 35CQ4/16
q8L
,
(41)
where we take the SOC parameters as perturbations,
since the strength of the SOC should be much smaller
than the corresponding strength scale of the interatomic
interactions, q̂ is the unit vector, and the new contacts
are defined as
CRj = m
3g21D
∫
dR
× 〈ψ†↑(R)ψ
†
↓(R)
(
i∂t +
∂2R
4m
)j
ψ↓(R)ψ↑(R)〉, (42)
CQn = m
2g21D
∫
dR
× 〈ψ†↑(R)ψ
†
↓(R) [(−i)
n∂nR]ψ↓(R)ψ↑(R)〉, (43)
Cjn = m
3g21D
∫
dR
× 〈ψ†↑(R)ψ
†
↓(R)
(
i∂t +
∂2R
4m
)j
[(−i)n∂nR]ψ↓(R)ψ↑(R)〉,
(44)
j, n = 1, 2, 3, · · ·. Notice that, if n is an odd number, the
corresponding contact is a vector.
In the laboratory frame, the single-particle Hamilto-
nian is given by [47, 48]
Hlab,0 =
(
k2
2m Ωe
i2k0x
Ωe−i2k0x k
2
2m
)
. (45)
By transforming n↑↑(q) to n↑↑(q − k0) and n↓↓(q) to
n↓↓(q + k0), the momentum distribution can go back to
the laboratory frame as discussed in [53]. Further, the
diagonal elements of the momentum distribution matrix
in the laboratory frame are calculated as
nlab(q) =
Ca
q4L
+
2q̂ ·CQ1
q5L
+
4CR1 + 5CQ2
2q6L
+
12q̂ ·C11 + 5q̂ ·CQ3
2q7L
+
48CR2 + 168C12 + 35CQ4
16q8L
.
(46)
It shows an anisotropic behavior at the q−5 and q−7 tails
due to the center-of-mass momentum.
Meanwhile, the spin-dependent momentum distribu-
tion matrix in the laboratory frame can be written as
nlab,spin-dep(q) =
(
−16k
2
0mΩCa
q8L
− 56k
2
0mΩq̂ ·CQ1
q9L
)
σx
−16k0m
2Ω2Ca
q9L
σz. (47)
The diagonal elements of the momentum distribution ma-
trix provide the expectation value of the atomic number
with either spin-↑ or spin-↓ with a certain relative mo-
mentum q. The off-diagonal elements indicate the mix-
ing of different spins. From the above equation (47), it
is found that the q−8 tail in the off-diagonal terms of
the momentum distribution matrix is dependent on the
SOC parameters in the laboratory frame. This tail can
be observed through time-of-flight measurement as a di-
rect manifestation of the SOC effects on the many-body
level.
VII. SUMMARY
We study the 1D two-component Fermi gases with
SOC using the single-channel model and discuss some
universal behaviors near a wide s-wave Feshbach reso-
nance. Through the variation of energy with respect to
the SOC parameters, two new contacts are defined and
the pressure relation and viral theorem are derived in
terms of the new SOC contacts. Utilizing the technique
of OPE, the tail of the momentum distribution matrix
is obtained. The momentum distribution matrix shows a
spin-dependent behavior due to the SOC and it shows an
anisotropic behavior at the q−5 and q−7 tails due to the
center-of-mass momentum. In the laboratory frame, the
q−8 tail in the momentum distribution can be observed
through time-of-flight measurement as a direct manifes-
tation of the SOC effects on the many-body level.
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FIG. 4. Feynman diagram for the polarization bubble Πs.
Here, X = (x1, t1) and Y = (x2, t2).
ACKNOWLEDGEMENTS
We thank helpful discussions with Wei Yi, Xiaoling
Cui, and Lianyi He. This work is supported by the Na-
tional Natural Science Foundation of China (Grant No.
11404106). F.Q. acknowledges support from the project
funded by the China Postdoctoral Science Foundation
(Grant No. 2019M662150) and SUSTech Presidential
Postdoctoral Fellowship.
Appendix A: Appendix
1. Derivations of Eq. (13)
The polarization bubble can be calculated by the dia-
gram in Fig. 4 as
Πs(q0, Q) =
∫
dXdY 〈T
[
1
2
ΨTf (X)εΨf (X)
] [
1
2
Ψ†f (Y )ε
†Ψ†Tf (Y )
]
〉
=
1
4
∫
dXdY
[
〈T ΨTf (X)εΨf (X)Ψ
†
f (Y )ε
†Ψ†Tf (Y )〉+ 〈T Ψ
T
f (X)εΨf (X)Ψ
†
f (Y )ε
†Ψ†Tf (Y )〉
]
=
2
4
∫
dXdY 〈T ΨTf (X)εΨf (X)Ψ
†
f (Y )ε
†Ψ†Tf (Y )〉, (two equivalent contractions),
=
1
2
∫
dXdY 〈T
(
ΨTf (X)
)
1a
(ε)ab (Ψf (X))b1
(
Ψ†f (Y )
)
1m
(
ε†
)
mn
(
Ψ†Tf (Y )
)
n1
〉
=
1
2
∫
dXdY 〈T
(
ΨTf (X)
)
1a
(
Ψ†Tf (Y )
)
n1
(ε)ab (Ψf (X))b1
(
Ψ†f (Y )
)
1m
(
ε†
)
mn
〉
=
1
2
∫
dXdY 〈T (Ψf (X))a1
(
Ψ†f (Y )
)
1n
〉 (ε)ab (G(X − Y ))bm
(
ε†
)
mn
=
1
2
∫
dXdY (G(X − Y ))an (ε)ab (G(X − Y ))bm
(
ε†
)
mn
=
1
2
∫
dXdY
(
GT (X − Y )
)
na
(ε)ab (G(X − Y ))bm
(
ε†
)
mn
=
∫
dXdY
1
2
Tr
[
GT (X − Y )εG(X − Y )ε†
]
, (A1)
where
∫
dXdY = 12
∫
d(X + Y )d(X − Y ), we label the
field operator Ψ = Ψs + Ψf for outline as Ψs and inner
lines as Ψf , Ψf = (ψ↑, ψ↓)
T , X = (x1, t1), Y = (x2, t2),
q0 = Q
2/(4m) + p2/m, and we use the definition G(X −
Y ) ≡ 〈T Ψf (X)Ψ†f (Y )〉.
2. Derivations of Eq. (14)
In the absence of the Raman coupling, the polarization
bubble is given by
Πs(q0, Q) =
∫
dpdp0
(2π)2
i
p0 − (Q/2 + p)2/(2m) + i0+
× i
q0 − p0 − (Q/2− p)2/(2m) + i0+
=
m
2k
, (A2)
where q0 = Q
2/(4m) + k2/m.
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FIG. 5. Feynman diagram for the matrix of the operator
Ψ(Z)Ψ†(Z′). Here, X = (x1, t1), Y = (x2, t2), Z = (x3, t3),
and Z′ = (x4, t4).
The 1D scattering amplitude can be written as [20, 59]
f1D(k) = −1/(1+ i cot δk) ' −1/(1+ ika1D), where δk is
the scattering phase shift. With Ts(k) = ikf1D(k)/mr,
one can derive Eq. (14) in the main text.
3. Derivations of Eq. (38)
As shown in Fig. 5, the vacuum expectation of the
operator Ψ(Z)Ψ†(Z ′) is calculated as follows
〈
Os
∣∣Ψ(Z)Ψ†(Z ′)∣∣ Is〉d
= [−iTs(q0, Q)]2
∫
dXdY 〈T Ψf (Z)
[
1
2
Ψ†f (X)ε
†Ψ†Tf (X)
] [
1
2
ΨTf (Y )εΨf (Y )
]
Ψ†f (Z
′)〉
=
[−iTs(q0, Q)]2
4
∫
dXdY[
〈T Ψf (Z)Ψ†f (X)ε
†Ψ†Tf (X)Ψ
T
f (Y )εΨf (Y )Ψ
†
f (Z
′)〉+ 〈T Ψf (Z)Ψ†f (X)ε
†Ψ†Tf (X)Ψ
T
f (Y )εΨf (Y )Ψ
†
f (Z
′)〉
+〈T Ψf (Z)Ψ†f (X)ε
†Ψ†Tf (X)Ψ
T
f (Y )εΨf (Y )Ψ
†
f (Z
′)〉+ 〈T Ψf (Z)Ψ†f (X)ε
†Ψ†Tf (X)Ψ
T
f (Y )εΨf (Y )Ψ
†
f (Z
′)〉
]
= [−iTs(q0, Q)]2
∫
dXdY 〈T Ψf (Z)Ψ†f (X)ε
†Ψ†Tf (X)Ψ
T
f (Y )εΨf (Y )Ψ
†
f (Z
′)〉, (four equivalent contractions),
= [−iTs(q0, Q)]2
∫
dXdY 〈T (Ψf (Z))j1
(
Ψ†f (X)
)
1m
(
ε†
)
mn
(
Ψ†Tf (X)
)
n1
(
ΨTf (Y )
)
1a
(ε)ab (Ψf (Y ))b1
(
Ψ†f (Z
′)
)
1j
〉
= −[−iTs(q0, Q)]2
∫
dXdY 〈T (Ψf (Z))j1
(
Ψ†f (X)
)
1m
(
ε†
)
mn
(Ψf (Y ))a1
(
Ψ†f (X)
)
1n
(ε)ab (Ψf (Y ))b1
(
Ψ†f (Z
′)
)
1j
〉
= −[−iTs(q0, Q)]2
∫
dXdY (G(Z −X))jm
(
ε†
)
mn
(G(Y −X))an (ε)ab (G(Y − Z
′))bj
= −[−iTs(q0, Q)]2
∫
dXdY (G(Z −X))jm
(
ε†
)
mn
(
GT (Y −X)
)
na
(ε)ab (G(Y − Z
′))bj
= −[−iTs(q0, Q)]2
∫
dXdY G(Z −X)ε†GT (Y −X)εG(Y − Z ′). (A3)
Therefore, we have 〈Os
∣∣∣ψ†↑(Z)ψ↑(Z ′)∣∣∣ Is〉
d
〈
Os
∣∣∣ψ†↑(Z)ψ↓(Z ′)∣∣∣ Is〉
d〈
Os
∣∣∣ψ†↓(Z)ψ↑(Z ′)∣∣∣ Is〉
d
〈
Os
∣∣∣ψ†↓(Z)ψ↓(Z ′)∣∣∣ Is〉
d

= −
〈
Os
∣∣Ψ(Z)Ψ†(Z ′)∣∣ Is〉d
= [−iTs(q0, Q)]2
×
∫
dXdY G(Z −X)ε†GT (Y −X)εG(Y − Z ′). (A4)
4. Elements of the momentum distribution matrix
Eq. (40)
9
n↑↑(q) = −[Ts(q0, Q)]2
∫ ∞
−∞
dp0
2π
[
G2↑↑(p0, q)G↓↓(q0 − p0, Q− q) +G↑↑(q0 − p0, Q− q)G↑↓(p0, q)G↓↑(p0, q)
−G↑↑(p0, q)G↑↓(p0, q)G↓↑(q0 − p0, Q− q)−G↑↑(p0, q)G↓↑(p0, q)G↑↓(q0 − p0, Q− q)] , (A5)
n↑↓(q) = −[Ts(q0, Q)]2
∫ ∞
−∞
dp0
2π
[G↑↑(p0, q)G↓↓(q0 − p0, Q− q)G↑↓(p0, q) +G↑↑(q0 − p0, Q− q)G↓↓(p0, q)G↑↓(p0, q)
−G↑↑(p0, q)G↓↓(p0, q)G↑↓(q0 − p0, Q− q)−G2↑↓(p0, q)G↓↑(q0 − p0, Q− q)
]
, (A6)
n↓↑(q) = −[Ts(q0, Q)]2
∫ ∞
−∞
dp0
2π
[G↑↑(p0, q)G↓↓(q0 − p0, Q− q)G↓↑(p0, q) +G↑↑(q0 − p0, Q− q)G↓↓(p0, q)G↓↑(p0, q)
−G↑↑(p0, q)G↓↓(p0, q)G↓↑(q0 − p0, Q− q)−G2↓↑(p0, q)G↑↓(q0 − p0, Q− q)
]
, (A7)
n↓↓(q) = −[Ts(q0, Q)]2
∫ ∞
−∞
dp0
2π
[
G2↓↓(p0, q)G↑↑(q0 − p0, Q− q) +G↓↓(q0 − p0, Q− q)G↓↑(p0, q)G↑↓(p0, q)
−G↓↓(p0, q)G↑↓(p0, q)G↓↑(q0 − p0, Q− q)−G↓↓(p0, q)G↓↑(p0, q)G↑↓(q0 − p0, Q− q)] . (A8)
5. Perturbations of the elements of the
single-particle propagator matrix
We use the expansions with a small Ω as a perturba-
tion:
G↑↑(p0, q) ≈
i
p0 − (q+k0)
2
2m + i0
+
×
1 + Ω2[p0 − (q+k0)22m + i0+] [p0 − (q−k0)22m + i0+]
 ,
(A9)
G↑↓(p0, q) = G↓↑(p0, q) ≈
iΩ[
p0 − (q−k0)
2
2m + i0
+
] [
p0 − (q+k0)
2
2m + i0
+
]
×
1 + Ω2[p0 − (q−k0)22m + i0+] [p0 − (q+k0)22m + i0+]
 ,
(A10)
G↓↓(p0, q) ≈
i
p0 − (q−k0)
2
2m + i0
+
×
1 + Ω2[p0 − (q−k0)22m + i0+] [p0 − (q+k0)22m + i0+]
 .
(A11)
6. 1D Fourier transforms
The 1D Fourier transforms are [20, 70]∫
dx |x|αe−iqx = −2α! sin
(πα
2
) 1
|q|α+1
(A12)
with α an odd number, and
∫
dx sgn(x)|x|βe−iqx = −2iβ! cos
(
πβ
2
)
sgn(q)
|q|β+1
(A13)
with β an even number and sgn(x) the sign function.
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Confinement-Induced Resonances in Low-Dimensional
Quantum Systems, Phys. Rev. Lett. 104, 153203 (2010).
[59] M. Olshanii, Atomic Scattering in the Presence of an
External Confinement and a Gas of Impenetrable Bosons,
Phys. Rev. Lett. 81, 938 (1998).
[60] T. Bergeman, M. G. Moore, and M. Olshanii, Atom-
Atom Scattering under Cylindrical Harmonic Confine-
ment: Numerical and Analytic Studies of the Confine-
ment Induced Resonance, Phys. Rev. Lett. 91, 163201
(2003).
[61] X. Cui, Quasi-one-dimensional atomic gases across wide
and narrow confinement-induced resonances, Phys. Rev.
A 86, 012705 (2012).
[62] F. Qin, J.-S. Pan, S. Wang, and G.-C. Guo, Width
of the confinement-induced resonance in a quasi-one-
dimensional trap with transverse anisotropy, Eur. Phys.
J. D 71, 304 (2017).
[63] S.-K. Jian, Y.-F. Jiang, and H. Yao, Emergent Spacetime
Supersymmetry in 3D Weyl Semimetals and 2D Dirac
Semimetals, Phys. Rev. Lett. 114, 237001 (2015).
[64] R. Nandkishore, J. Maciejko, D. A. Huse, S. L. Sondhi,
Superconductivity of disordered Dirac fermions, Phys.
Rev. B 87, 174511 (2013).
[65] E.-G. Moon, C. Xu, Y. B. Kim, and L. Balents, Non-
Fermi-Liquid and Topological States with Strong Spin-
Orbit Coupling, Phys. Rev. Lett. 111, 206401 (2013).
[66] L. He, H. Hu, and X.-J. Liu, Realizing Fulde-Ferrell
Superfluids via a Dark-State Control of Feshbach Res-
onances, Phys. Rev. Lett. 120, 045302 (2018).
[67] H. T. C. Stoof, K. B. Gubbels, and D. B. M. Dickerscheid,
Ultracold Quantum Fields, Springer, (2009).
[68] V. Gurarie and L. Radzihovsky, Resonantly-paired
fermionic superfluids, Ann. Phys. 322, 2 (2007).
[69] M. E. Peskin, D. V. Schroeder, An Introduction To Quan-
tum Field Theory, Addison-Wesley Publishing Company,
(1995).
[70] D. Kammler, A First Course in Fourier Analysis, Cam-
bridge University press, (2007).
